Abstract. We prove several results on the permanence of weak amenability and the Haagerup property for discrete quantum groups. In particular, we improve known facts on free products by allowing amalgamation over a finite quantum subgroup. We also define a notion of relative amenability for discrete quantum groups and link it with amenable equivalence of von Neumann algebras, giving additional permanence properties.
Introduction
A fruitful way of studying compact quantum groups is through their dual discrete quantum group. Geometric group theory is then a rich source of inspiration, even though results can seldom be straightforwardly transfered from the classical to the quantum setting. A very important property from this point of view is of course amenability, the study of which culminated in R. Tomatsu's work [34] . However, some important examples of discrete quantum groups, often called "free quantum groups", are known not to be amenable by [4, Cor 5] . One should then look for weak version of amenability like the Haagerup property and weak amenability. Some of these approximation properties were investigated for unimodular discrete quantum groups by J. Kraus and Z.-J. Ruan in [27] , but no genuinely quantum example was found.
There recently was a regain of interest in the subject thanks to M. Brannan's breakthrough paper [10] proving the Haagerup property for the free orthogonal and free unitary quantum groups O + N and U + N . On the one hand, his techniques were extended to free wreath products by F. Lemeux in [28] and to more general classes of unitary easy quantum groups in [24] . On the other hand, weak amenability was also estabilshed for O + N and U + N by the author in [22] and later extended, with K. De Commer and M. Yamashita in [16] using monoidal equivalence.
At that point, it seemed reasonable to try to establish a general theory of approximation properties for discrete quantum groups. For the Haagerup property, this was done by M. Daws, P. Fima, A. Skalski and S. White in [15] using the more general setting of locally compact quantum groups. For weak amenability, this was part of the author's PhD thesis [23] . In particular, we gave in the latter several permanence properties, i.e. group-theoretic constructions preserving weak amenability. One of the most important is the following one : if two discrete quantum groups are weakly amenable with Cowling-Haagerup constant equal to 1, then their free product is again weakly amenable with Cowling-Haagerup constant equal to 1, which was proved in [21] .
However, there are several other natural constructions to look at like direct products or inductive limits. Moreover, the techniques of E. Ricard and X. Qu [31] , which are crucial in the proof of the aforementioned result on free products, also work for amalgamated free products under certain assumptions. For discrete groups, it is not very difficult to see that these assumptions are satisfied as soon as the amalgam is finite. That this also works for quantum groups will be proved in Section 3. Note that even if it was certainly known to experts, the result for classical groups did not appear yet in the literature. Let us also mention that our proofs are based on multiplier techniques, so that they can also be applied to the Haagerup property, improving [15, Prop 7.13] by removing the unmodularity assumption.
The last permanence property which we will study is relative amenability. In fact, this was the first to be used in combination with weak amenability by M. Cowling and U. Haagerup in [13, Thm 6.4 ] to prove that lattices in different symplectic groups yield non-isomorphic von Neumann algebras. Their proof relied on [13, Prop 6 .2] :
The two von Neumann algebras associated to these quantum groups are
where the bicommutants are taken in B(L 2 (G)). The coproducts extend to normal maps on these von Neumann algebras and one can prove that W ∈ L ∞ (G) ⊗ ℓ ∞ ( G). Moreover, the Haar state of G extends to a state on L ∞ (G). In order to give an alternative description of ℓ ∞ ( G), we need to define representations of quantum groups.
Definition 2.3. Let G be a compact quantum group.
• A representation of G on a Hilbert space H is an invertible operator U ∈ L ∞ (G) ⊗ B(H) such that (∆ ⊗ ı)(U ) = U 13 U 23 .
• A representation of G on a Hilbert space H is an invertible operator U ∈ ℓ ∞ ( G) ⊗ B (H) such that ( ∆ ⊗ ı)(U ) = U 13 U 23 .
• A representation is said to be unitary if the operator U is unitary.
The linear span of coefficients of unitary representations of G forms a Hopf- * -algebra Pol(G) which is dense in C(G). Let Irr(G) be the set of isomorphism classes of irreducible unitary representations of G (which are all finite-dimensional by [42, Thm 1.2]). If α ∈ Irr(G), we will denote by u α a representative of α and by H α the finite-dimensional Hilbert space on which it acts. There are * -isomorphisms
The minimal central projection in ℓ ∞ ( G) corresponding to the identity of B(H α ) will be denoted by p α and there exists positive matrices (Q α ) α∈Irr(G) such that the two normal semi-finite faithful (in short n.s.f.) weights
on ℓ ∞ ( G) are respectively left and right invariant. These so-called Haar weights are both unique up to multiplication by a scalar.
2.2. Actions on von Neumann algebras. Actions of quantum groups can be defined both on C*-algebras and on von Neumann algebras. However, only the latter will be used in this paper. The main feature, which will prove of importance later on, is the existence of a unitary implementation. The standard reference on this subject is [35] .
The fixed point algebra of the action ρ is the subalgebra M ρ = {x ∈ M, ρ(x) = 1 ⊗ x}. A subalgebra N of M is said to be stable under the action if ρ(N ) ⊂ ℓ ∞ ( G)⊗N . In that case, there is a restricted action of G on N which will still be denoted by ρ. The crossed-product construction in this setting generalizes the classical definition.
Definition 2.5. Let G be a discrete quantum group acting on a von Neumann algebra M . The crossed-product G ⋉ ρ M is the von Neumann subalgebra of B(L 2 (G))⊗M generated by ρ(M ) and
The crossed-product is endowed with a dual action ρ of G op (i.e. with respect to the flipped coproduct) defined by
for all m ∈ M and a ∈ L ∞ (G). Let G be a discrete quantum group and let M be a von Neumann algebra together with a fixed n.s.f. weight θ with GNS construction (K, ı, Λ θ ). It is proven in [35] that any action of G on M is unitarily implementable, i.e. there exists a unitary
which is the adjoint of a representation of G and such that
2.3. Quantum subgroups and quotients. Let us give some details concerning the notions of discrete quantum subgroups and quotients, which will appear in all the constructions of this work. Let G be a compact quantum group and let H be another compact quantum group such that C(H) ⊂ C(G) and the coproduct of H is given by the restriction of the coproduct of G. Then, H is said to be a discrete quantum subgroup of G. The following important fact was proved in [38, Prop 2.2].
Proposition 2.6 (Vergnioux). Let G be a discrete quantum group, let H be a discrete quantum subgroup and denote the respective Haar states of G and H by h G and h H . Then, there exists a faithful conditional expectation E H :
Let us define a central projection
We can use p H to describe the structure of H from the structure of G (see [18, Prop 2.3] for details).
Proposition 2.7. With the notations above, we have
It is easy to see, using the above statements, that the map a → ∆(a)(1 ⊗ p H ) defines a right action (right actions of discrete quantum groups are defined in the same way as left actions with the obvious modifications) of H on ℓ ∞ ( G). Let ℓ ∞ ( G/ H) be the fixed point subalgebra for this action. Using Proposition 2.7 again, we see that the restriction of the coproduct ∆ to ℓ ∞ ( G/ H) yields a left action of G on this von Neumann algebra which will be denoted by τ . Let h L be the left-invariant weight of G defined by Equation (1) . It is known from [18, Prop 2.4 ] that the map
is a normal faithful operator-valued weight from ℓ ∞ ( G) to ℓ ∞ ( G/ H) and that there exists a n.s.f. weight θ on ℓ ∞ ( G/ H) such that h L = θ • T . Let U be the unitary implementation of the action τ with respect to the weight θ. Then, R = U * will be called the quasi-regular representation of G modulo H.
Remark 2.8. By a straighforward calculation, we see that when both sides are well-defined,
The weight θ can therefore be interpreted as an almost invariant measure on the quotient space with respect to the action τ .
2.4. Approximation properties. Two approximation properties will be considered in this paper : weak amenability and the Haagerup property. They have all been defined in earlier works and enjoy various characterizations (see for example [27] , [21] and [15] ). For our purpose, the point of view of multipliers is the best suited. We refer the reader to [11, Ch 12] for an introduction to approximation properties for classical groups, which motivates the following definitions.
Definition 2.9. Let G be a discrete quantum group and a ∈ ℓ ∞ ( G). The left multiplier associated to a is the map m a : Pol(G) → Pol(G) defined by
An element a ∈ ℓ ∞ ( G) is said to have finite support if ap α = 0 for all but finitely many α ∈ Irr(G).
Definition 2.10. A discrete quantum group G is said to be weakly amenable if there exists a net (a t ) of elements of ℓ ∞ ( G) such that
• a t has finite support for all t.
• (a t ) converges pointwise to 1.
• K := lim sup t m at cb is finite.
The lower bound of the constants K for all nets satisfying these properties is denoted by Λ cb ( G) and called the Cowling-Haagerup constant of G. By convention, Λ cb ( G) = ∞ if G is not weakly amenable.
Definition 2.11. A discrete quantum group G is said to have the Haagerup property if there exists a net (a t ) of elements of ℓ ∞ ( G) such that
• m at is completely positive for all t.
As in the classical case, these properties are connected to corresponding approximation properties for the associated operator algebras (see for instance [11, Ch 12] for the definitions). However, the link is not fully understood yet when the quantum group is not unimodular. Let us therefore only state results in the unimodular case (i.e. when the Haar state is a trace), which were proved in [27, Thm 5.14].
Theorem 2.12 (Kraus-Ruan). Let G be a unimodular discrete quantum group. Then,
• G has the Haagerup property ⇔ C(G) has the Haagerup property relative to h ⇔ L ∞ (G) has the Haagerup property.
Permanence results
This section is divided into two parts. In the first one, we will prove permanence of approximation properties under several elementary constructions. In the second part, we will extend the result of [21] to free products amalgamated over a finite quantum subgroups. The result also holds for the Haagerup property, thus improving [15, Thm 7.8] by removing the unimodularity assumption.
3.1. First results. We start with the simplest case, namely passing to quantum subgroups. The permanence of the Haagerup property by passing to discrete quantum subgroups (or more generally to closed quantum subgroups of a locally compact quantum group) was proved in [15, Prop 5.7] . We therefore only consider weak amenability.
Proposition 3.1. Let G be a weakly amenable discrete quantum group and let H be a discrete quantum subgroup of G. Then, H is weakly amenable and
Proof. Let ǫ > 0 and let (a t ) be a net of finitely supported elements in ℓ ∞ ( G) converging pointwise to 1 and such that lim sup m at cb Λ cb ( G) + ǫ. Then, using the notations of Proposition 2.7, (a t p H ) is a net of finitely supported elements in ℓ ∞ ( H) which converges pointwise to 1. Using the conditional expecation of Proposition 2.6, we see that
It is proved in [41] that if G and H are two discrete quantum groups, then the minimal tensor product C(G) ⊗ C(H) can be turned into a compact quantum group in a natural way. Its dual discrete quantum group is denoted by G × H and called the direct product of G and H. Proposition 3.2. Let G and H be two discrete quantum groups. Then, G × H is weakly amenable if and only if both G and H are weakly amenable and
Proof. The "only if" part is a direct consequence of Proposition 3.1, as well as the first inequality. To prove the second inequality, let ǫ > 0 and let (a t ) and (b s ) be nets of finitely supported elements respectively in ℓ ∞ ( G) and in ℓ ∞ ( H) converging pointwise to 1 and such that lim sup m at cb
From the description of the representation theory of direct products given in [41, Thm 2.11], we see that (c (t,s) ) is a net of finitely supported elements converging pointwise to 1. Moreover, since
, which concludes the proof.
It is a general fact that for any two C*-algebras A and B,
(see e.g. [11, Thm 12.3.13] ). Hence, we always have
Moreover, Theorem 2.12 implies that Λ cb ( G × H) = Λ cb ( G)Λ cb ( H) as soon as the discrete quantum groups are unimodular. It is very likely that this equality holds in general but we were not able to prove it.
A similar statement holds for the Haagerup property.
Proposition 3.4. Let G and H be two discrete quantum groups. Then, G × H has the Haagerup property if and only if both G and H have the Haagerup property.
Proof. The "only if" part comes from stability under passing to quantum subgroups.To prove the "if" part, one can build, as in the proof of Proposition 3.2, multipliers on G × H by tensoring multipliers on the two quantum groups. To finish the proof, note that a tensor product of unital completely positive maps is again unital and completely positive and that the tensor product of two elements in C 0 ( G) and
The third construction we will study is inductive limits of discrete quantum groups, or equivalently inverse limits of compact quantum groups. It was proved in [40, Prop 3.1] that given a family of discrete quantum groups ( G i ) i with connecting maps π ij : C(G i ) → C(G j ) intertwining the coproducts and satisfying π jk • π ij = π ik , there is a natural compact quantum group structure on the inductive limit C*-algebra. Its dual discrete quantum group is called the inductive limit of the system ( G i , π ij ). In order to study approximation properties, we first need to understand its representation theory. Since we were not able to find a reference for this, we give a statement even though it is certainly well-known to experts. Proposition 3.5. Let ( G i , π ij ) be an inductive system of discrete quantum groups with inductive limit G and assume that all the maps π ij are injective. Then, there is a one-to-one correspondence between the irreducible representations of G and the increasing union of the sets of irreducible representations of the G i 's.
Proof. The maps π ij being injective, we can identify each G i with a discrete quantum subgroup of the G j 's for j i. This gives inclusions of the sets of irreducible representations and we denote by S the increasing union of these sets. We can also identify each C(G i ) with a C*-subalgebra of C(G) in such a way that
Under this identification, the discrete quantum groups G i are quantum subgroups of G, hence any irreducible representation of some G i yields an irreducible representation of G and we have proved that S ⊂ Irr(G). Moreover, the algebra
is a dense Hopf- * -subalgebra of C(G) spanned by coefficients of irreducible representations. Because of Schur's orthogonality relations, the density implies that the coefficients of all irreducible representations of G are in A, i.e. A = Pol(G). This means that any irreducible representation of G comes from an element of S and Irr(G) = S.
We can now prove the permanence of weak amenability under this construction. Proposition 3.6. Let ( G i , π ij ) be an inductive system of discrete quantum groups with inductive limit G and limit maps π i : C(G i ) → C(G). Then, if all the maps π i are injective,
In particular, the inductive limit is weakly amenable if and only if the quantum groups are all weakly amenable with uniformly bounded Cowling-Haagerup constant.
Proof. The injectivity of the limit maps ensures that each G i can be seen as a discrete quantum subgroup of G. Hence, Corollary 3.1 gives the inequality
To prove the converse inequality, fix an ǫ > 0 and let (a i t ) t be a net of finitely supported elements in ℓ ∞ ( G i ) converging pointwise to 1 and such that lim sup m a i t cb Λ cb ( G i )+ǫ. Using the description of the representation theory of inductive limits given by Proposition 3.5, we can see (a i t ) (i,t) as a net of finitely supported elements of ℓ ∞ ( G) converging pointwise to 1 by setting a i t p α = 0 for any α / ∈ Irr(G i ). The operator we get is m a i t
• E G i , so that it has the same completely bounded norm as
The conditions on the completely bounded norms then gives
Proposition 3.7. Let ( G i , π ij ) be an inductive system of discrete quantum groups with inductive limit G and limit maps π i : C(G i ) → C(G). Then, if all the maps π i are injective, G has the Haagerup property if and only if the quantum groups all have the Haagerup property.
Proof. The "only if" part comes from stability under passing to quantum subgroups. To prove the "if" part, we simply have to prove that complete positivity is preserved when a multiplier is extended to the inductive limit. This comes from the fact that the multiplier is equal to m a i t
• E G i .
3.2. Amalgamated free products. It is well-known that a free product of amenable groups need not be amenable. However, it was proved in [15, Thm 7.8 ] that the Haagerup property passes to free products of discrete quantum groups and it was proved in [21] that a free product of discrete quantum groups with Cowling-Haagerup constant equal to 1 again has Cowling-Haagerup constant equal to 1. Our goal in this subsection is to extend those two results by allowing amalgamation over a finite quantum subgroup. Note that such a statement for the Haagerup property was proved in [15, Prop 7.13] when the quantum groups are unimodular, using the associated von Neumann algebras. Our proof does not require unimodularity, but the price to pay is dealing all the way long with multipliers. For this, we need the following generalization of Gilbert's criterion proved in [14, Prop 4.1 and Thm 4.2].
Theorem 3.8 (Daws) . Let G be a discrete quantum group and let a ∈ ℓ ∞ ( G). Then, m a extends to a competely bounded multiplier on B(L 2 (G)) if and only if there exists a Hilbert space K and two
Let us give a proof of the stability of the Haagerup property under free products in the language of multipliers, in order to make the extension to the amalgamated case easier.
Proposition 3.9. Let ( G i ) i∈I be a family of discrete quantum groups with the Haagerup property. Then, * i G i has the Haagerup property.
Proof. First note that according to [14, Thm 5.9] , the complete positivity of a multiplier m a implies that a can in fact be chosen to be of the form (ω a ⊗ ı)(W ) for some state ω a on C max (G)
So let us take nets (ω at ⊗ı)(W ) and (ω bt ⊗ı)(W ) implementing the Haagerup property for two discrete quantum groups G and H. Setting ω ct = ω at * ω bt , we get a net of elements c t = (ω ct ⊗ ı)(W ) converging pointwise to the identity and yielding completely positive multipliers (because ω ct is again a state). Now, [8, Thm 3.9] asserts that m ct = m at * m bt is L 2 -compact as soon as m at and m bt are. If K = G * H, we have for any α ∈ Irr(K),
This and the fact that m ct is L 2 -compact prove that c t ∈ C 0 ( G * H), concluding the proof.
The strategy to handle the amalgamated case is to produce multipliers which, while implementing the desired approximation property, are the identity on the amalgam. Here finiteness proves crucial through the next Lemma. If H is a finite quantum group, it is unimodular and we will denote by h the unique Haar weight on ℓ ∞ ( H) which is both left and right invariant, i.e. h(a) = α Tr(ap α ).
Lemma 3.10. Let G be a discrete quantum group, H a finite quantum subgroup of G and let a ∈ ℓ ∞ ( G) be such that m a is completely bounded. Then, there exists an element c ∈ ℓ ∞ ( G) such that m c cb | h(p H )| m a cb and m c is a multiple of the identity on C red (H) ⊂ C red (G).
We are going to prove that c ⊗ 1 = (1 ⊗ η * ) W * 12 (1 ⊗ ξ ′ ) W , which will imply our claim on the completely bounded norm since ξ ′ | h(p H )| ξ . First note that since Applying h(p H .) to the first leg yields the result. Now, if α ∈ Irr(H), we get using the invariance of h,
Using this averaging technique, we get the result for the Haagerup property.
Theorem 3.11. Let ( G i ) i∈I be a family of discrete quantum groups with the Haagerup property and let H be a common finite quantum subgroup. Then, * H G i has the Haagerup property.
Proof. We first prove that completely positive multipliers on C red (G i ) can be averaged so that they become the identity on C red (H)
where S denotes the antipode of G i . Let (a t ) be a net of elements in C 0 ( G i ) converging pointwise to 1 and such that m at is unital and completely positive. Apply Lemma 3.10 to a t to obtain an element b t . Apply it again to S(b t ) * to produce a third element b ′ t . Then, (b ′ t ) is a net of elements in C 0 ( G i ) converging pointwise to 1 and such that m b ′ t is the identity on C red (H). In the case of a unital completely positive multiplier, the proof of Theorem 3.8 yields a map ξ : 
Now that all the multipliers are the identity on C red (H) and preserve the conditional expectation E H , their amalgamated free product makes sense (see for example [11, Thm 4.8.5] for details on the construction of the free product of u.c.p. maps). We can then follow the proof of Proposition 3.9 to conclude.
Let us turn to weak amenability, which is more involved. Like for the Haagerup property, we first need an averaging technique for completely bounded multipliers. Lemma 3.12. Let G be a discrete quantum group, H a finite quantum subgroup of G and let (a t ) be a net of finitely supported elements in ℓ ∞ ( G) converging pointwise to 1. Then, there exists a net (b t ) of finite-rank elements in ℓ ∞ ( G) converging pointwise to 1, such that Proof. Let c t be the element associated to a t by Lemma 3.10 and let Supp(a t ) be the set of equivalence classes of irreducible representations α of G such that a t p α = 0. Then, {α ∈ Irr(G), α ⊂ γ ⊗ β} and c t has finite support. The same holds for
which induces multipliers m bt which are the identity on C red (H). Assume now that a t converges pointwise to 1, and note that the inequality of the completely bounded norms is obvious from Lemma 3.10. Fix β ∈ Irr(G), ǫ > 0 and let D be the (finite) set of γ ∈ Irr(G) which are contained in α ⊗ β for some α ∈ Irr(H). We denote by p D the sum of the projections p γ for γ ∈ D. Let t be such that :
From this it is easy to prove using the amalgamated version of [31, Thm 4.3] that if the quantum groups G i are amenable, then the free product amalgamated over a finite quantum subgroup is weakly amenable with Cowling-Haagerup constant equal to 1, thus generalizing a result of M. Bożejko and M.A. Picardello [9] (see [23, Thm 2.3.15] for a proof). When the quantum groups are not amenable but are weakly amenable with Cowling-Haagerup constant equal to 1, we need the full power of the work of E. Ricard and X. Qu. Let us introduce some notations : if A is a C*-algebra with a conditional expectation E, we denote by L 2 (A, E) (resp. L 2 (A, E) op ) the Hilbert module obtained by the GNS constructions using the inner product a, b = E(ab * ) (resp. a, b = E(a * b)). Theorem 3.13 (Ricard, Xu). Let C be a C*-algebra, let (B i ) i∈I be unital C*-algebras together with GNS-faithful conditional expectations E B i : B i → C. Let A i ⊂ B i be unital C*-subalgebras with GNS-faithful conditional expectations E A i : A i → C which are the restrictions of E B i . Assume that for each i, there is a net of finite-rank maps (V i,j ) j on A i converging to the identity pointwise, satisfying E A i • V i,j = E A i and such that lim sup j V i,j cb = 1. Assume moreover that for each pair (i, j), there is a completely positive unital map U i,j :
Assume moreover that the maps V i,j and U i,j are the identity on C for all i, j. Then, the reduced amalgamated free product * C (A i , E A i ) has Cowling-Haagerup constant equal to 1.
Remark 3.14. This statement is a the same [31, Prop 4.11] with states replaced by conditional expectations. This amalgamated version does not appear explicitely in [31] but is a straightforward consequence of the amalgamated version of the Khintchine inequality proved in [31, Sec 5] .
Based on the non-amalgamated case [21] , one can try the following strategy : if (a t ) is a net of elements implementing weak amenability, first average a t and then S(a t ) * on H to produce an 
, the unital completely positive approximation we are looking for should be
The problem is then to prove that this operator is the identity on C red (H). We do not know whether this fact holds or not. However, we can use again an averaging trick, this time at the level of C*-algebras, to build a new unital completely positive approximation which will be the identity on
is a linear map, we define a linear map R H (T ) by
where the integration is done with respect to the normalized Haar measure of the compact group
Let us give some elementary properties of these two operations.
T cb ) and the same holds for the L 2 -norms. Moreover, for any a, b ∈ C red (H),
Proof. Set S = R H (T ) (the computation is similar for L H (T )). For any integer n and any x ∈ C red (G) ⊗ M n (C), we have
The proof for the L 2 -norms is similar. Writing any element in C red (H) as a linear combination of four unitaries, we can restrict ourselves to prove Equation (5) when a and b are unitaries. In that case, the changes of variables u = u ′ a and
With this in hand, we will be able to average the completely positive maps approximating the multipliers. Let us check that this averaging behaves nicely on the multipliers m b ′ (t) .
Lemma 3.16. The maps
) have finite rank, converge pointwise to the identity, are equal to the identity on C red (H) and satisfy lim sup t A t cb = 1.
Proof. The pointwise convergence, the identity property and the bound on the completely bounded norms follow from the construction and Lemma 3.15. To prove that the rank is finite, first note that if α ∈ Irr(G) and u, v ∈ C red (H), then u(u α i,j )v belongs to the linear span of coefficients of irreducible subrepresentations γ of β 1 ⊗ α ⊗ β 2 for β 1 , β 2 ∈ Irr(H). Thus, by Frobenius reciprocity,
is equal to 0 as soon as α is not in the finite the set
The following theorem is the quantum version of the best known statement on stability of weak amenability with respect to free products for classical discrete groups.
Theorem 3.17. Let ( G i ) i∈I be a family of weakly amenable discrete quantum groups such that Λ cb ( G i ) = 1 for every i ∈ I and let H be a common finite quantum subgroup. Then,
Proof. Using the notations of Theorem 3.13, we set : H) ) with the property that for any coefficient x of an irreducible representation in
We set
Since E A i is the restriction of E ′ i to A i it is also the restriction of E B i . Let us fix an index i, let (a j ) j be a net of elements in ℓ ∞ (G i ) implementing weak amenability. Applying the construction of Lemma 3.12 to a j we get an element b j . Applying it again to S(b j ) * yields another element b ′ j and we can assume that
. By Lemma 3.16, these maps satisfy all the required properties.
ζ j is a completely positive map which is the identity on C red (H) by Equation (5). We therefore set U i,j = M ζ j . Then, Lemma 3.16 yields
so that, by [21, Lem 4.3 ] the convergence in completely bounded norm holds. We still have to check the compatibility of the maps with the conditional expectations and the L 2 -norm convergence. Let us consider the conditional expectation
We claim that E(x) = 0 whenever x is a coefficient of a representation in Irr(G) \ Irr(H). In fact, it follows directly from the explicit expression of ξ ′ j given in Lemma 3.10 that there is a vector
The same holds for η ′ j and γ ′ j (with different vectors), hence also for γ ′ j . From this, a straightforward calculation yields (6) (6) also holds for M ζ j , proving the claim. Since E(x) = x for any x ∈ C red (H), we see that E = E H . The same argument shows that
Using this compatibility, the same argument as in [21, Lem 4.5] shows that M γ ′ j also approximates m b ′ j in both L 2 -norms. Using Lemma 3.15, we deduce that U i,j approximates V i,j in both L 2 -norms, concluding the proof.
In the unimodular case, one can use a free product trick to deduce results on HNN extensions (as defined in [19] ) from what has been done. The optimal result in that case, mixing amalgamated free products and HNN extensions, was stated in the language of graphs of quantum groups in [20, Thm 4.6] .
It is known that Z 2 ⋊SL(2, Z) neither has the Haagerup property nor is weakly amenable, whereas both Z 2 and SL(2, Z) do. Thus, these properties are not preserved under extensions in general. Moreover, recall that since an extension of amenable groups is again amenable, the groups Z 2 ⋊Z/4Z and Z 2 ⋊ Z/6Z are amenable. Thus, they have the Haagerup property and are weakly amenable with Cowling-Haagerup constant equal to 1. However, noticing that
we see that the finiteness condition in Theorem 3.17 cannot be removed.
Relative amenability
We now turn to the study of the notion of relative amenability in the context of discrete quantum groups. The definition is straightforward.
Definition 4.1. Let G be discrete quantum group and let H be a discrete quantum subgroup of G. We say that G is amenable relative to H if the quotient space has an invariant mean for the action τ , i.e. if there exists a state m on ℓ ∞ ( G/ H) such that for all x ∈ ℓ ∞ ( G/ H),
Remark 4.2. One could define an action of a discrete (or even locally compact quantum group) on a von Neumann algebra to be amenable if such an invariant mean exists. This is the notion of "amenable homogeneous space" introduced by P. Eymard in [17] . However, there is another notion of amenable action, due to R.J. Zimmer [44] . This notion was generalized to locally compact groups acting on von Neumann algebras by C. Anatharaman-Delaroche in [1] and to Kac algebras by M. Joita and S. Petrescu in [25] . As one can expect, this notion is dual to ours in the following sense : if G is a Kac algebra together with an amenable action (in the sense of [25, Def 3.1]) on a von Neumann algebra M and if M admits an invariant state, then G is amenable (see [25, Thm 3 .5] for a proof). Let us also mention that a C*-algebraic version of amenable actions of discrete quantum groups in the sense of R.J. Zimmer was introduced by S. Vaes and R. Vergnioux in [37] .
Remark 4.3. Relative amenability does not pass to subgroups, even in the classical case. Examples of triples of discrete groups K < H < G with G amenable relative to K but H not amenable relative to K were constructed in [29] and [30] .
It follows from [7, Thm 7.8 ] that if the quasi-regular representation of G modulo H weakly contains the trivial one, then it is has a left-invariant mean, implying in turn that G is amenable relative to H. In the classical case, all three properties are known to be equivalent. Such an equivalence is not known yet for discrete quantum groups, but a weak converse involving correspondences will be given in Proposition 4.9.
4.1. Amenable equivalence. We are going to use ideas from the work of C. AnantharamanDelaroche on group actions on von Neumann algebras [1] and follow the path of [2] to prove a general statement on von Neumann algebras associated to relatively amenable discrete quantum groups, involving the notion of amenable equivalence of von Neumann algebras which was introduced in [2, Def 4.1]. Recall from [32] that two von Neumann algebras M and M are said to be Morita equivalent if there exists an M − N correspondence H such that M is isomorphic to L N (H). Definition 4.4. Let M and N be two von Neumann algebras. We say that M is amenably dominated by N if there exists a von Neumann algebra N 1 which is Morita equivalent to N and contains M in such a way that there is a norm-one projection from N 1 to M . We then write M ≺ a N . We say that M and N are amenably equivalent if M ≺ a N and N ≺ a M .
The following theorem is a generalization of a classical result (see Paragraphe 4.10 in [2]).
Theorem 4.5. Let G be a discrete quantum group and let H be a discrete quantum subgroup such that G is amenable relative to H. Then, L ∞ (H) is amenably equivalent to L ∞ (G).
In order to prove this, we have to build a norm-one projection from a well-chosen von Neumann algebra to L ∞ (G). We will do this by adapting some ideas of [1] to the setting of discrete quantum groups.
Lemma 4.6. Let M 1 , M 2 be von Neumann algebras and let ρ be an action of a discrete quantum group G on M 2 . Assume that we have a von Neumann subalgebra N 2 of M 2 which is stable under the action ρ and a norm-one (non-necessarily normal) equivariant projection P :
for all x 1 ∈ M 1 and x 2 ∈ M 2 . Moreover, Q is equivariant with respect to µ = (σ ⊗ ı)
Proof. This is a generalization of [1, Lem 2.1] and we will use the same technique. Note that if the projection P was normal, we could simply extend its tensor product with Id M 1 to the tensor product von Neumann algebra and conclude the proof. Thus, the subtlety of the statement lies in dealing with the non-normality of the projection. Let the von Neumann algebras M 1 and M 2 act on Hilbert spaces H 1 and H 2 respectively and fix a Hilbert basis (e i ) i∈I of H 1 , the elements of which will be identified with the corresponding one-dimensional projections. For any finite subset J of I, set e J = i∈J e i and P J = Id e J H 1 ⊗P.
We can define a net (P ′ J ) J of maps from B(H 1 )⊗M 2 to B(H 1 )⊗N 2 by setting P ′ J (x) = P J ((e J ⊗ 1)x(e J ⊗ 1)). Let Lim be any Banach limit on the set of sequences indexed by finite subsets of I and set, for any ξ, η ∈ H 1 ⊗ H 2 , Q(x)ξ, η = Lim P ′ J (x)ξ, η . This defines a norm-one projection such that Q(x 1 ⊗ x 2 ) = x 1 ⊗ P (x 2 ) for every x 1 ∈ B(H 1 ) and x 2 ∈ M 2 . Moreover, the obvious equivariance of the projections P ′ J with respect to ρ yields the equality
Passing to the Banach limit Lim gives the corresponding equivariance property for Q. It is now easy to check that the restriction of Q to M 1 ⊗M 2 is the desired projection (see the proof of [1, Lem 2.1] for details).
Proposition 4.7. Let G be a discrete quantum group and let (M, N, P ) be a triple consisting in a von Neumann algebra M endowed with an action ρ of G, a von Neumann subalgebra N of M which is stable under the action ρ and a norm-one equivariant projection P : M → N . Then, there exists a norm-one projection Q :
Proof. By Lemma 4.6, there exists a norm-one projection
which is equivariant with respect to µ = (σ ⊗ ı) • (ı ⊗ ρ) and such that
Let us consider the explicit * -isomorphisms of [35, Thm 2.6]
Since any von Neumann algebra can be recovered in a crossed-product as the fixed points algebra under the dual action by [35, Thm 2.7] , we only have to prove that the norm-one projection
is equivariant with respect to the the bidual action to conclude. Let us use the notations of [35] . The bidual action ρ on the double crossed product can be transported to B(L 2 (G))⊗M in the following way : there is an operator
and a map γ = Ad ΣV * Σ⊗1 •µ, for some operator V , such that
It is clear that the ρ-equivariance of Q is equivalent to the γ-equivariance of Q. We already know by Lemma 4.6 that µ • Q = (ı ⊗ Q) • µ and, using the approximating projections P ′ J , we see that ı⊗ Q also commutes to Ad ΣV * Σ⊗1 . Hence,
We can now prove our main result.
Proof of Theorem 4.5. The fact that the mean is invariant precisely means that m is an equivariant norm-one projection to the von Neumann subalgebra C.1 of M . Consequently, proposition 4.7 applied to the triple (ℓ ∞ ( G/ H), C, m) yields a norm-one projection from
the beginning of Section 4 of [36]). This means that if
is amenable relative to L ∞ (H) in the sense of [29] .
Using the machinery of correspondences, we can also give a partial converse to the fact that when R weakly contains the trivial representations, G is amenable relative to H. Proposition 4.9. Let G be a discrete quantum group and let H be a discrete quantum subgroup such that G is amenable relative to H. Then, the correspondence associated to the quasi-regular representation of G modulo H weakly contains the identity correspondence.
Proof. Let us denote by H the Hilbert space L 2 (G) seen as the standard correspondence between L ∞ (G) and L ∞ (H). By Theorem 4.5, H is a left injective correspondence in the sense of [2, Def 3.1]. By [2, Prop 3.6], it also a left amenable correspondence in the sense of [2, Def 2.1], i.e. the correspondence H ⊗ H weakly contains the identity correspondence of L ∞ (G). Moreover, H ⊗ H is precisely the Hilbert space ℓ 2 ( G ⋉ ℓ ∞ ( G/ H)) associated to the GNS construction for the dual weight θ on the crossed-product. Thanks to [35, Prop 3.10] , the GNS construction for the dual weight may be explicitely described. In fact, the map I : (a ⊗ 1)α(x) → a ⊗ x for a ∈ L ∞ (G) and x ∈ ℓ ∞ ( G/ H) extends to an isomorphism between ℓ 2 ( G ⋉ ℓ ∞ ( G/ H)) and L 2 (G) ⊗ ℓ 2 ( G/ H). Recall that R denotes the adjoint of the unitary implementation of τ . Let us endow the latter Hilbert space with the structure of a correspondence from L ∞ (G) to itself induced by the quasi-regular representation, i.e. the left action π l and the right action π r are given, for every a ∈ L ∞ (G), by π l (a) = R * (a ⊗ 1)R and π r (a) = (Ja * J) ⊗ 1.
Then, the previous isomorphism intertwines these actions with the natural left and right actions of L ∞ (G) on ℓ 2 ( G ⋉ ℓ ∞ ( G/ H)) (inherited from its canonical identification with H ⊗ H). Thus, the correspondence associated with the quasi-regular representation weakly contains the identity correspondence.
4.2. Cofinite quantum subgroups. The simplest source of examples of relatively amenable discrete quantum subgroups is of course cofinite quantum subgroups.
Definition 4.10. A discrete quantum subgroup H of a discrete quantum group G is said to be cofinite if the quotient von Neumann algebra ℓ ∞ ( G/ H) is finite-dimensional.
Proposition 4.11. Let H be a cofinite quantum subgroup of a discrete quantum group G. Then, G is amenable relative to H.
Proof. Let us prove that the weight θ yields an invariant state. Indeed, the operator-valued weight T : ℓ ∞ ( G) → ℓ ∞ ( G/ H) is finite in that case and we can therefore only consider elements of the form T (x). Using the equality h L = θ • T , we have
Thus, θ(1) −1 .θ is an invariant mean for τ .
Example 4.12. Let N ∈ N, let G be the free orthogonal quantum group O + N and let u = (u ij ) 1 i,j N be its fundamental representation. If N = 2, its dual discrete quantum group G is amenable, hence it is amenable relative to any quantum subgroup. If N 3, consider the subalgebra of L ∞ (O + N ) generated by the elements u ij u kl . This subalgebra is stable under the coproduct and thus defines a discrete quantum subgroup H of G called its even part. It is clear that under the usual identification Irr(G) = N, Irr(H) corresponds to the even integers and it is not very difficult to see that ℓ ∞ ( G/ H) = C ⊕ C. Thus G is amenable relative to H. Note that this quantum group is isomorphic to the quantum automorphism group of M N (C) (with respect to a suitably chosen trace) according to [5] .
A similar statement holds for the Haagerup property. Corollary 4.16. let G be a unimodular discrete quantum group and let H be a discrete quantum subgroup such that G is amenable relative to H. Then, if L ∞ (H) has the Haagerup property, L ∞ (G) also has the Haagerup property.
Proof. This is a combination of Theorem 4.5 and [6, Thm 5.1].
We end with an application to hyperlinearity. A unimodular discrete quantum group G is said to be hyperlinear if the von Neumann algebra L ∞ (G) tracially embeds into an ultraproduct of the hyperfinite II 1 factor. Corollary 4.17. let G be a unimodular discrete quantum group and let H be a discrete quantum subgroup such that G is amenable relative to H. Then, G is hyperlinear if and only if H is hyperlinear.
Proof. This is a direct consequence of [43, Thm 3.1] since, by Remark 4.8, L ∞ (G) is amenable relative to L ∞ (H).
